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AdS-CFT correspondence for the massive Rarita-Schwinger field

P. Matlock* and K. S. Viswanathan†

Department of Physics, Simon Fraser University, Burnaby, British Columbia, Canada
~Received 15 June 1999; published 27 December 1999!

The complete solution to the massive Rarita-Schwinger field equation in anti–de Sitter space is constructed,
and used in the AdS-CFT correspondence to calculate the correlators for the boundary conformal field theory.
It is found that when no condition is imposed on the field solution, there appear two different boundary
conformal field operators, one coupling to a Rarita-Schwinger field and the other to a Dirac field. These two
operators are seen to have different scaling dimensions, with that of the spinor-coupled operator exhibiting a
nonanalytic mass dependence.

PACS number~s!: 11.25.Hf
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I. INTRODUCTION

The Maldacena conjecture@1# asserts that there exists
holographic correspondence@2# between field theories on
(d11)-dimensional AdS space and conformal field theor
~CFT’s! on thed-dimensional boundary of this space. Th
correspondence has been made more precise in@1,3–6# and
investigated for specific cases in@7–17#. We do not attempt
to give a comprehensive list of references here, but refer
reader to the literature. A recent review of the Maldace
conjecture can be found in@18#. According to this correspon
dence principle, the action for the field theory in the bu
AdS space written in terms of the boundary values of
fields serves as a generating functional for a field the
which lives on the flat boundary space. This can be writt

ZAdS@c~0!#5E
c~0!

Dcc2I @c#

5ZCFT@c~0!#5^exp~*]AdSd
dxOc~0!!&, ~1!

wherec (0) is the boundary field, and acts as a source for
operatorO. Dealing with a classical field, an approximatio
to this path integral may be obtained. Since in the pres
case we consider a free field, this classical treatment
comes exact.1

We will choose the AdS metric to begmn5(1/x02
)dmn so

that the boundary is atx050. Since the metric diverges o
this boundary, we must regularize by multiplying by a fun
tion with a suitable zero on the boundary@5#. The fact that
this function is otherwise unspecified is the origin of t
conformal invariance in the boundary field theory.

Of particular interest here are@12,13,16,17# which also
deal with the Rarita-Schwinger field, but impose restrictio
on the solution of the field equation. We construct the g
eral solution and find that when no such restrictions are
posed, there appear two fields on thed-dimensional bound-

*Email address: pwm@sfu.ca
†Email address: kviswana@sfu.ca
1An investigation of the AdS-CFT correspondence which de

with quantum interactions is given in@10#.
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ary; both a Dirac spinor and a spin 3/2 Rarita-Schwing
field couple to boundary conformal field operators, which
a result have different conformal scaling dimensions. To fi
these conformal field correlators, we use the Dirichlet bou
ary value problem method exhibited in, for example,@9# for
the case of a Dirac spinor field. Since the action vanis
on-shell, a surface term must be added. Two equiva
methods@19,20# of determining this term have been inves
gated, and the method of@20# has recently been used in@17#.

In following this prescription, we solve the equations
motion in Sec. II. The surface term to add to the action
found using the method of@20# in Sec. III, and finally in Sec.
IV the CFT correlators are calculated. These correlators
fixed, up to a multiplicative factor, by conformal invarianc
@21,22#. The results obtained are consistent with these c
siderations.

II. SOLVING THE CLASSICAL FIELD EQUATIONS

Although the equations of motion have been solved
@12# for the massless case, in@13# for the case ofgmcm
50, and also in@16#, we find it necessary to construct ex
plicitly the complete solution to the massive2 case while im-
posing no restrictions.

Our index conventions arem,n,...50...d and i , j ,...
51...d. We choose the metric of AdSd11 to be gmn

5(1/x02
)dmn so that AdS space is given byx0.0. The

boundary with which we shall be concerned is atx050,
where the metric is singular. The Rarita-Schwinger action
given by

I 5E dd11xAgc̄m@GmnsDJ n2m1gms2m2Gms#cs . ~2!

Dn denotes the covariant derivative,Gm are curved space
Dirac matrices so thatGm5em

a ga where$ga ,gb%52dab are
Euclidean Dirac matrices, which are taken to be Hermiti
and the vielbein is given byem

a 5(1/x0)dm
a . More than one

s 2As pointed out in@16#, one must considerm1Þ0 in the case of
supergravity on AdS53S5 @23#.
©1999 The American Physical Society02-1
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index on these matrices indicates antisymmetrization~in-
cluding 1/n!). Varying the above action gives the Rarit
Schwinger equation

@GmnsDn2m1gms2m2Gms#cs50 ~3!

and its conjugate

c̄m@GmnsDQ n1m1gms1m2Gms#50. ~4!

We will find it convenient to write the former in the equiva
lent form

Gn@Dncm2Dmcn#1
m1

d21
GmGncn2m2fm50 ~5!

which can be seen by usingGmns51/2(GnGsGm

2GmGsGn). To solve this equation generally, we first co
tract with Dm to obtain

Gmns@Dm ,Dn#cs22m1Dmcm2m2GmnD @mcn]50. ~6!

The commutator@Dm ,Dn#cs can be expressed as

@Dm ,Dn#cs5S 1

2
] [mvn]1

1

4
@vm ,vn# Dcs5

1

2
Rmncs ,

~7!

where the spin connection is given by

vm
AB5

1

x0 ~d0
Adm

B2d0
Bdm

A! ~8!

andvm5vm
ABSAB . The computation ofRmn is simplified if

we make use of the fact that the space is maximally symm
ric @24#. We find

Rmn5
R

2d~d11!
@Gm ,Gn# ~9!

and in our metricR52d(d11) so that

Gmns@Dm ,Dn#cs5
d~d21!

2
Gscs ~10!

and Eq.~6! becomes

m2D” ~Gmcm!1m2Dmcm1
d~d21!

4
Gmcm50. ~11!

Now we contract Eq.~3! with Gm . Using GmGmns5(d
21)Gmn we find
02600
t-

D” ~Gmcm!2Dmcm1
m11dm2

12d
Gmcm50. ~12!

Combining Eqs.~11! and~12! to eliminateDmcm , we obtain
a Dirac equation

@D” 2C#~Gncn!50 ~13!

where

C5
d~d21!

4m1
1

~m11dm2!m2

m1~d21!
~14!

and for convenience we have definedm65m16m2 . It can
also be shown from Eqs.~11! and ~12! that m150 implies
gmcm50. Since this case has been considered in@12# and
@13#, we assumem1Þ0.

Now we specialize to our coordinate system and write E
~13! as

S x0]”2
d

2
g02CDg•c50, ~15!

where we will now work only with the componentsca

[ea
mcm .
This equation has been solved in@9# by differentiating to

obtain a second-order equation, and has the solution w
does not diverge asx0→`

g•c5~kx0!~d11!/2@A~1!KC11/2~kx0!1A~3!KC21/2~kx0!#,
~16!

whereA(1) andA(3) are spinors which do not depend onx0.
Since this form of the solution was found via a second or
equation, Eq.~16! needs to be substituted back into the fir
order equation~15! in order to find these spinors. We writ
x5(x0,x), and we will work in Fourier space with respect
the non-zero-index components of the field,

c̃m~x0,k!5E ddx eik•xcm~x!. ~17!

Since we will soon need to work with several other firs
order equations and doing the full calculation every tim
would be tedious, we calculate the following formula:
2-2
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@x0g0]02 ix0k•g2ng02P#~kx0! l@~A~1!1kx0A~2!!Kq11/21~A~3!1kx0A~4!!Kq21/2#

5~kx0! l H Kq11/2F S l 2n2q2
1

2Dg02PGA~1!1Kq21/2F S l 2n1q2
1

2Dg02PGA~3!

1~kx0!Kq11/2F2 i
k•g

k
A~1!1XS l 2n2q1

1

2Dg02PCA~2!2g0A~3!G
1~kx0!Kq21/2F2 i

k•g

k
A~3!1XS l 2n1q1

1

2Dg02PCA~4!2g0A~1!G
1~kx0!2Kq11/2F2 i

k•g

k
A~2!2g0A~4!G1~kx0!2Kq21/2F2 i

k•g

k
A~4!2g0A~2!G J , ~18!
ts

e

on
he

e

he

in

s

whereP,l,n,qare arbitrary constants, theA are spinors which
may depend onk, and from now on we omit the argumen
(kx0) of the Bessel functions. Our present case ofg•c̃ cor-
responds to Eq.~18! with A(2)5A(4)50 and q5P5C, n
5d/2, l 5(d11)/2. Requiring the resulting right-hand sid
~RHS! of Eq. ~18! to vanish givesA(1) and A(3), so that,
writing k5uku,

g•c̃5~kx0!~d11!/2F i
k•g

k
KC11/21KC21/2Gb0

1~k!, ~19!

whereb0
1 is a free spinor function ofk. ~We will consistently

use1 and2 superscripts to denote eigenspinors ofg0 with
eigenvalues11 and21.!

The equation of motion~3! may be written

Fx0g•]2
d

2
g02m2Gca

1F3

2
da02x0]a2

1

2
g0]a1

m1

d21
gaGg•c5gac0 .

~20!

The a50 component of Eq.~20! is

Fx0g0]02 ix0k•g2S d

2
11Dg02m2G c̃0

5S x0]0212
m1

d21
g0Dg•c̃. ~21!

We will find both a particular and homogeneous soluti
for Eq. ~21!. Since we already know the RHS, we make t
ansatz

c̃0
P5~kx0!~d11!/2@„A~1!1~kx0!A~2!

…KC11/2

1„A~3!1~kx0!A~4!
…KC21/2#. ~22!

@Note that we re-use the parametersA(1),A(2),A(3),A(4) each
time we do a calculation with Eq.~18!.# Reading off the LHS
of Eq. ~21! as the RHS from Eq.~18! with P5m2 , q5C,
n5d/211, l 5(d11)/2 and matching the coefficients of th
02600
linearly independent functions ofkx0 with those on the RHS
of Eq. ~21!, we obtain equations which can be solved for t
A parameters. The result is

c̃0
P5~kx0!~d11!/2H KC11/2F im2

k•g

k
1m3~kx0!Gb0

1

1KC21/2F2m11 im3~kx0!
k•g

k Gb0
1J , ~23!

where

m15

m1

d21
2C2

d

2
11

C2m221
, m25

m1

d21
2C1

d

2
21

C2m221
,

m35
11m11m2

C1m2
. ~24!

Useful relations involving these constants are contained
the Appendix.

The homogeneous version of Eq.~21! is exactly the same
as Eq.~15! but with d/2 andC replaced byd/211 andm2 ,
respectively. Therefore our solution is Eq.~19! with the same
changes:

c̃0
H5~kx0!~d13!/2F i

k•g

k
Km211/21Km221/2Gc0

1~k!.

~25!

The complete solution forc̃0 is just the sum of the two part
~23! and ~25!.

To find c̃ i we use thea5 i components of Eq.~20!,

Fx0g0]02 ix0k•g2
d

2
g02m2G c̃ i

5g i c̃01F1

2
g0g i2 ix0ki2

m1

d21
g i Gg•c̃. ~26!

On the RHS of Eq.~26!, we have terms from Eqs.~23!, ~25!,
and~19!. These terms all consist of some power ofkx0 and a
2-3
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Bessel function of orderC6 1
2 or m26 1

2 . We considerc̃ i in
three parts:c̃ i5c̃ i

H1c̃ i
C1c̃ i

m2. The homogeneous equatio
is once again the same as Eq.~15! with the replacementC
→m2 , so we have

c̃ i
H5~kx0!~d11!/2F i

k•g

k
Km211/21Km221/2Gbi

1~k!

~27!

wherebi
1(k) is free. Re-using ourA parameters in Eq.~18!,

we make the ansatz

c̃ i
C5~kx0!~d11!/2@„Ai

~1!1~kx0!Ai
~2!
…KC11/2

1„Ai
~3!1~kx0!Ai

~4!
…KC21/2#. ~28!

Evaluating Eq.~18! with P5m2 , q5C, n5d/2, l 5(d
11)/2 and matching the result with the correspond
Bessel functions on the RHS of Eq.~26! we obtain five equa-
tions for the four parameters, but they are consistent, and
result is

c̃ i
C5~kx0!~d11!/2

3H KC11/2
F2 i

m22
m1

d21
1

1

2

C1m2
g i2kx0m3

ki

k
G

3
k•g

k
b0

1

1KC21/2
Fm11

m1

d21
1

1

2

C1m2
g i1 ikx0m3

ki

k
Gb0

1J .

~29!

Exactly the same procedure, using the ansatz

c̃ i
m25~kx0!~d11!/2@„Ai

~1!1~kx0!Ai
~2!
…Km211/2

1„Ai
~3!1~kx0!Ai

~4!
…Km221/2# ~30!
s
e
e
s

02600
he

yields the solution

c̃ i
m25~kx0!~d11!/2H Km211/2F i

k•g

k
ci

1~k!

2~2m211!
ki

k

k•g

k
c0

11g ic0
11 i ~kx0!

ki

k
c0

1G
1Km221/2Fci

1~k!2~kx0!
ki

k

k•g

k
c0

1G J , ~31!

whereci
1(k) is free.

At this point we notice that when Eqs.~27!, ~29!, and~31!
are combined, the free quantitiesci

1 andbi
1 always appear

together asci
11bi

1 ; we thus lose no generality in choosin
ci

150.
Lastly, for the entire solution to be consistent, we requ

that g0c̃01g i c̃ i calculated from Eqs.~23!,~25! and Eqs.
~27!,~29!,~31! be equal to the same quantityg•c̃ given by
Eq. ~19!. Equating the two gives a formula

c0
15 i

11m1

m1

k•b1

k
~32!

and also a condition on the otherwise freebi
1

g•b150. ~33!

The complete solution for the fieldc̃a is thus given by
Eqs.~23! and ~25!,

c̃05~kx0!~d11!/2H KC11/2F im2

k•g

k
1~kx0!m3Gb0

1

1KC21/2F2m11 i ~kx0!m3

k•g

k Gb0
11kx0

3F2
k•g

k
Km211/21 iK m221/2G 11m1

m1

k•b1

k J ,

~34!

and by Eqs.~27!, ~29!, and~31!:
c̃ i5~kx0!~d11!/2H KC11/2F i
11m2

d
g i2kx0m3

ki

k G k•g

k
b0

11KC21/2F11m1

d
g i1 i ~kx0!m3

ki

k Gb0
11Km211/2F i

k•g

k
bi

1

1S ig i2 i ~2m211!
k•g

k

ki

k
2~kx0!

ki

k D 11m1

m1

k•b1

k G1Km221/2Fbi
k2 i ~kx0!

11m1

m1

ki

k

k•g

k

k•b1

k G J ~35!
f
is

e

whereb0
1(k) is free, andbi

1(k) are subject only to Eq.~33!.
It can be seen that the solutions found in@12# and@13# are

special cases of the above. In order to compare our re
with that of @16#, it is convenient to Fourier transform th
solution given in@16#, and we find that they coincide. In th
form given here, the solution is of similar structure to tho
ult

e

obtained with scalar@7# and vector or spinor@9# fields. In
addition, as will see in Sec. IV, thisk-space solution is much
easier to work with than thex-space counterpart in terms o
the limiting behavior near the AdS boundary. Due to th
complication in@16#, only the restricted caseb050 was con-
sidered. As mentioned in Sec. IV, because we eliminate thb
2-4
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parameters, any restrictions imposed on them will artificia
constrain the boundary behavior of the fields.

The form of the solution to the conjugate equation~4!
may be found by conjugating Eqs.~34! and ~35!. Care must
be taken when defining the ‘‘bar’’ operation. We define it
the following way:

X̄[X†um→2m ~36!

wherem→2m means that we change the sign of bothm1
and m2 . Under this operation,m2→2m2 , m1→2m1 ,
C→2C, m1↔m2 , and m3→2m3 . It is of special impor-
tance to realize thatc andc̄ are independent quantities; ta
ing the conjugate ofc in this way only gives the form of the
solution for c̄, and the resulting arbitrary functionsb̄i(k)
and b̄0(k) will be unrelated tobi andb0 . In all other cases
the operation of conjugation will produce not independ
quantities, but conjugated ones. We will make frequent
of this notation in the remainder of this paper.

III. ADDING A SURFACE TERM TO THE ACTION

The action vanishes on-shell, so something must be ad
in order to obtain a generating functional for the bound
CFT. We here follow the procedure given in@20#. Upon
varying the action~2! we find that in order to obtain the
Euler-Lagrange equations of motion~3! and ~4!, we must
discard a surface term. Usually it is understood that o
field configurations which fall off to zero at infinity are con
sidered in the variational procedure, and this surface t
thus does not contribute. However, in AdS space this te
appears as an integral over the boundary, with the result
the equations of motion do not faithfully represent the co
dition for the action to be an extremum. The solution is
02600
y

t
e

ed
y

y

m
m
at
-

add to the action a term which, when varied, exactly canc
this contribution. This procedure is discussed in detail in@20#
and carried out for the Rarita-Schwinger field in@17#. The
result is that the term we need to add to the action is, in
notation of@20#,

C`5
1

2 E ddx~ c̄ i ~0!c i ~0!1c̄ i ~0!g ig jc j ~0!!. ~37!

Thus when we insert the classical solution into the acti
only this surface term remains and it can be written in
form

I 5
1

2 E ddk

~2p!d „c̄ i ~0!~k!c i ~0!~2k!

1c̄ i ~0!~k!g ig jc j ~0!~2k!…. ~38!

We shall use this in the next section to calculate the corr
tors. This amounts to doing thek integration in Eq.~38! and
taking thee→0 limit. As observed in@9#, this must be done
with care by formulating a Dirichlet boundary value proble
not simply atx050 but ate and taking the limit at the end

IV. BOUNDARY CFT CORRELATOR

In the case of a spinor field@9#, it was found that as the
boundary atx05e→0 is approached,c1 andc2 are related
by a factor of some power ofe with the consequence that on
may be specified on the boundary, while the other must v
ish. Since we will find the same behavior in the present ca
we split the field into two parts,c1 and c2. We now set
about inverting Eq.~35! to write the parametersbi andb0 in
terms of the boundary fieldsc i(ke), which we will abbrevi-
ate asc i e . From Eq.~35! we have
for
e

s
e result
c i e
15~ke!~d11!/2H i FKC11/2

11m2

d
g i

k•g

k
1keKC21/2m3

ki

k Gb0
11Km221/2bi

12keKm211/2

11m1

m1

ki

k

k•b1

k J , ~39!

c i e
25~ke!~d11!/2H FKC21/2

11m1

d
g i2keKC11/2m3

ki

k

k•g

k Gb0
1

1 iK m211/2

k•g

k
bi

11FKm211/2S g i2~2m211!
k•g

k

ki

k D2keKm221/2

ki

k

k•g

k G i 11m1

m1

k•b1

k J . ~40!

Multiplying Eq. ~39! from the left byg i and alternately byki /k gives two equations which can be solved simultaneously
b0 andk•b in terms ofc i e . We note that in contrast to@16#, where a similar parameterb0 was not determined in terms of th
boundary data and is arbitrarily set to zero,b0 here can be written in terms of the boundary field. Substitutingb0 back into Eq.
~39! now allows us to solve forbi . Inserting these expressions forb0 , k•b, andbi into Eq.~40!, c i e

2 can be expressed in term
of c i e

1 . Since theb parameters are eliminated in this process, we are not free to impose any restrictions on them. Th
is

c i e
25Oi j c j e

1 ~41!

where

Oi j 5 f 1g i

k•g

k
g j1 f 2

ki

k
g j1 f 3g i

kj

k
1 f 4

ki

k

k•g

k

kj

k
1 f 5

k•g

k
d i j . ~42!
2-5
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Eachf is a purely imaginary function of (ke),

f 15
1

D FKC21/2Km221/2

11m1

d
2KC11/2Km211/2

11m2

d GFKm221/22keKm211/2

11m1

m1
G

1
1

D
Km211/2Km221/2

11m1

m1
FKC11/2

11m2

d
1keKC21/2m3G ,

f 25
1

D F2KC11/2Km211/2

11m2

d
1keKC21/2Km211/2m32keKC11/2Km221/2m3GFKm221/22keKm211/2

11m1

m1
G

1
1

D

11m1

m1
@keKm211/2

2 2keKm221/2
2 2~2m211!Km211/2Km221/2#FKC11/2

11m2

d
1keKC21/2m3G ,

f 35
1

D FKC21/2Km221/2

11m1

d
2KC11/2Km211/2

11m2

d GkeKm211/2

11m1

m1

2
1

D
Km211/2Km221/2

11m1

m1
@KC11/2~11m2!1keKC21/2m3#,

f 45
1

D F2KC11/2Km211/2

11m2

d
1keKC21/2Km211/2m32keKC11/2Km221/2m3GkeKm211/2

11m1

m1

2
1

D

11m1

m1
@keKm211/2

2 2keKm221/2
2 2~2m211!Km211/2Km221/2#@KC11/2~11m2!1keKC21/2m3#,

f 55 i
Km211/2

Km221/2
, ~43!
-

s
do
with the denominator given by

D5 i @Dm221/2
2 KC11/2~11m2!1keKm221/2

2 KC21/2m3

2keKm211/2Km221/2KC11/2m3#. ~44!

In exactly the same way, we may also expressc i e
1 in

terms ofc i e
2 , with the result

c i e
15Qi j c j e

2 ~45!

where

Qi j 5 f̄ 1g i

k•g

k
g j1 f̄ 2

ki

k
g j1 f̄ 3g i

kj

k

1 f̄ 4

ki

k

k•g

k

kj

k
1 f̄ 5

k•g

k
d i j . ~46!

Conjugating Eqs.~41! and ~45! gives us the additional rela
tions

c̄ i e
25c̄ j e

1Ōi j , ~47!

c̄ i e
15c̄ j e

2Q̄i j . ~48!

It is now possible to write Eq.~38! in a simple form. We
will, in Eq. ~56! below, consider a case in which it is nece
02600
-

sary to express Eq.~38! in terms of onlyc̄1 andc2. This is
easily done by means of Eqs.~45! and~47!. We break up the
field into 1 and2 pieces

I 5
ed11

2 E ddk

~2p!d „c̄ i e
1~k!c i e

1~2k!1c̄ i e
2~k!c i e

2~2k!

1c̄ i e
1~k!g ig jc j e

1~2k!1c̄ i e
2~k!g ig jc j e

2~2k!…

5
ed11

2 E ddxddy„c̄ i e
1~x!V i j ~x2y!c j e

2~y!…, ~49!

and then write the correlator as

V i j ~x2y!5E ddk

~2p!d @e2 ik•~x2y!

3~g ig lQl j 1Ōli g lg j1Qi j 1Ōji !#. ~50!

The formula which will be used for this integral,3 properly
regularized@25#, is

3We will see later on that we have no need of local terms; we
not include here terms which contribute only whenx50.
2-6
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E ddk

~2p!d e2 ik•xkq5

2qGS d1q

2 D
pd/2GS 2q

2 D
1

uxud1q . ~51!

To perform thek-integral in Eq.~50!, we must expandO
andQ ~and thus eachf ! and determine the power of bothk
ande in each term. First, the terms containing an even, n
negative power ofk must be discounted, since they will van
ish by the integral formula~51!. Factors of the formki do not
pose a problem here; such a factor can be converted toi ] i

(x) ,
taking it outside the integral. Secondly, we must keep o
leading-order terms ine of what remains. To this end w
introduce the notation

Gabg[KC1a~ke!Km21b~ke!Km21g~ke!, ~52!

and since we will always deal witha,b,g561/2, we abbre-
viate this further in an obvious way. The first fourf functions
may now be written as

f 15
1

D
@C1G2221C2G1121C3G212ke1C4G111ke#,

f 25
1

D
@C5G1121C6G212ke1C7G122ke

1C8G111ke1C10G112~ke!21C11G222~ke!2#,

f 35
1

D
@C12G212ke1C13G111ke1C14G112#,

f 45
1

D
@C15G111ke1C17G112~ke!21C18G122ke

1C19G1121C20G222~ke!21C21G212ke#,

~53!

whereC1...21 are constants which can be read off from E
~43!. Only the following will be needed:

C15
11m1

d
, C25

11m2

d S 11m1

m1
21D ,

C1852C552C145
~11m1!~11m2!

m1
,

C195~2m211!C18. ~54!

Now we use the small-argument expansion of the mo
fied Bessel function
02600
-

y

.

i-

2Kn~z!5G~2n!S z

2D n

~11¯ !1G~n!S z

2D 2n

~11¯ !

~55!

where the dots indicate successive even powers ofz. Clearly,
which term we consider to be leading-order depends on
order of the Bessel function. To settle this point, from no
on we turn our attention to the specific case

m2.
1

2
, C,2

1

2
. ~56!

Other cases may be considered in a similar fashion. A qu
inspection of thef functions shows that in this case, it isc2

which may be specified on the boundary, so we will need
make use of Eqs.~46! and~47!, as mentioned above Eq.~49!.

We apply Eq.~55! to obtain the leading-order term in th
denominatorD̄,

D̄8
i

8
M S ke

2 D C22m223/2

~57!

where M52(11m1)G(1/22C)G(1/21m2)2. Here we
have introduced the dotted equal sign8 which denotes
equality up to leading order ine, discounting terms which
vanish when integrated due to their power ofk, as explained
above Eq.~52!.4

Expanding thek-dependent part of a general term fromŌ
or Q, we find

Gabg~ke!P

D̄kl

8
2 i2P

Mkl S ke

2
D P11/2FG~a2C!S ke

2
D 2a

1G~C2a!

3S ke

2
D 22C1aGFG~b2m2!S ke

2
D 2m22b

1G~m22b!S ke

2
D bGFG~g2m2!S ke

2
D 2m22g

1G~m22g!S ke

2
D gG . ~58!

4In the case of Eq.~57!, the8 functions in only the first way since

D̄ is not integrated by itself.
2-7
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In the expansion of this product, we will refer to individu
terms by the signs ofa, b, andg in the exponent. By inspec
tion it is seen that the2a1b1g term is leading-order ine;
therefore we should ask whether this term will vanish wh
we do thek integration.

Table I shows on the LHS all instances, in Eq.~53!, of the
general term~58!. It should be noted that there are also fa
tors of k21 which come from Eqs.~42! and~46! so that, for
example, we should considerf 4/k3 rather than justf 4.

On the RHS are the resulting powers ofe and k in the
leading-order term in Eq.~58!. We see that all elements i
the table will vanish when we integrate overk except the two
entries indicatingk22. However, when this part off 4 is
evaluated by substitutingC18 andC19 from Eq. ~54!, we see
that these two terms neatly cancel each other. Thus,
leading-order term in Eq.~58! will always vanish when we
integrate. Since it cannot contribute, we must analyze
seven remaining higher-order terms to see which do.
similar arguments we see that the next-order terms in
~58! ~for genericabg! are the2a2b1g, 2a1b2g, and
1a1b1g terms. We will make no assumption as
whetherC is larger or smaller in magnitude thanm2 , so we
must keep all three of these.5 It is also assumed that th
masses are not special in that when we integrate a term o
form k~masses!, it does not vanish. Considering again ea
instance of the general term~58!, we find that the leading-
order terms go ase2m2 ande22C, and that they correspon
only to the instanceabg5222 and abg5112, both
with P50.6 Hence, the only terms in Eq.~53! which will
survive thee→0 limit and thek integration are theC1, C2,
C5, C14, andC19 terms,

f 1

k
8C1

G222

D̄k
1C2

G112

D̄k
,

f 2

k
8C5

G112

D̄k
,

f 3

k
8C14

G112

D̄k
,

f 4

k3
8C19

G112

D̄k3
. ~59!

Writing out explicitly from Eq. ~58! the terms which will
contribute, according to the above analysis, we have

G222

D̄kl
8

2 i

M
GS 1

2
1CD GS m22

1

2
D 2S e

2
D 22C

k22C2 l ,

5Actually, the2a1b2g terms turns out not to contribute any
way.

6The value ofl in Eq. ~58! does not matter here since it affec
only the power ofk which appears, and note.
02600
n

-

he

e
y
q.

he

G112

D̄k
8

2 i

M
GS 1

2
2CD GS 1

2
2m2D GS 1

2
1m2D

3S e

2D 2m2

k2m221. ~60!

From Eq.~43!, f 5 is of ordere2m2, and

f 5

k
82 i

G~ 1
2 2m2!

G~ 1
2 1m2!

S e

2D 2m2

k2m221. ~61!

Now the formula~51! can be used to find*dk of Eq. ~60!.
Substituting the results into Eq.~42! ~conjugated!, doing the
resulting derivatives, and simplifying, we obtain

E ddk

~2p!d e2 ik•~x2y!Ōi j

8
1

pd/2 S 11m2

m1
11D GS d12m211

2 D
G~ 1

2 1m2!

3H g•~x2y!S d i j 22
~x2y! i~x2y! j

ux2yu2 D
1

g jg•~x2y!g i

d J e2m2

ux2yud12m211

1
1

~11m1!~m22 1
2 !2pd/2

GS d22C11

2 D
G~ 1

2 2C!

3g jg•~x2y!g i

e22C

ux2yud22C11 . ~62!

TABLE I. Powers ofk and e in each instance of the leading
order term in Eq.~58!.

l abg P Power ofk Power ofe

1 222 0 0 1
1 112 0 0 1
1 212 1 2 3
1 111 1 2 3
1 122 1 0 1
1 112 2 2 3
1 222 2 2 3
3 111 1 0 3
3 112 2 0 3
3 122 1 22 1
3 112 0 22 1
3 222 2 0 3
3 212 1 0 3
2-8



-
i-

n
s
-
-

in
r

ng
e

re-

ur
of
no

t be

for
ant

ts

AdS-CFT CORRESPONDENCE FOR THE MASSIVE . . . PHYSICAL REVIEW D 61 026002
Comparing Eq.~46! with Eq. ~42!, we see that it is unneces
sary to calculate*dkQi j separately; it can be obtained triv
ally from Eq. ~62! by switching thei and j indices in the
g jg•(x2y)g i terms.

The correlatorV i j (x2y) from Eq.~50! may now be writ-
ten

V i j ~x2y!5MIFg ig•~x2y!g j

d

1g•~x2y!S d i j 22
~x2y! i~x2y! j

ux2yu2 D G
3

e2m2

ux2yud12m211

1MII g ig•~x2y!g j

e22C

ux2yud22C11 , ~63!

whereMI and MII are constants. The two correlators co
tained in this expression can be separated by decompo
the boundary fieldc i e into two parts, projecting out the com
ponent orthogonal tog i . To use the AdS-CFT correspon
dence~1!, we define the boundary fields

x~0![g jc j and c i ~0![c i2
g i

d
x~0!

so thatg ic i (0)50. The presence of the spinor fieldx (0) ac-
counts for the correct number of degrees of freedom com
from the original (d11)-dimensional Rarita-Schwinge
field.

Rewriting in terms of these new fields, while absorbi
appropriate powers ofe, gives us two correlators, one for th
conformal operator coupling to each boundary field

^OiaŌj b&5MIgab•~x2y!Fd i j 22
~x2y! i~x2y! j

ux2yu2 G
3

1

ux2yud12m211 , ~64!

^Oa8 Ōb8 &5MII gab•~x2y!
1

ux2yud22C11 , ~65!

and the scaling dimensions of the operators areDOi
5d/2

1m2 andDO85d/22C.
tt

le

02600
-
ing

g

Each of these correlators is seen to be of the form
quired by conformal invariance@22#. The first correlator~64!
has been obtained previously but the conditiongmcm50 was
imposed in@12,13#, and the parameterb0 set to zero in@16#,
with the result that the second correlator was not found. O
construction in Sec. II of the solution to the equations
motion and subsequent use of the full solution involves
such restrictions, thus allowing both correlators~64! and~65!
to be obtained. It is interesting to note that sinceDO8 de-
pends onC, which is proportional to 1/m1 , the limit m1
→0 is not well defined. Hence, the massless case canno
recovered in this limit.
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APPENDIX

The following are useful identities involving the constan
defined in Eqs.~24! and ~14!:

m15
12d22m2

d2122m2
, m25

12d12m2

d2112m2
,

m35
4m1~12d!

d~d2122m2!~d2112m2!
,

m3

d21
5

11m1

m1

11m2

d
,

11m1

11m2
52m2

11m1

m1
21,

m11
m1

d21
1 1

2

C1m2
5

22m1

d~d2122m2!
5

11m1

d
,

m22
m1

d21
1 1

2

C1m2
5

22m1

d~d2122m2!
5

11m2

d
.
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